Hamiltonian stationary Lagrangians are Lagrangian submanifolds that are critical points of the volume functional under Hamiltonian deformations. They can be considered as a generalization of special Lagrangians or Lagrangian and minimal submanifolds. In [6] , Joyce, Schoen and the author show that given any compact rigid Hamiltonian stationary Lagrangian in C n , one can always find a family of Hamiltonian stationary Lagrangians of the same type in any compact symplectic manifolds with a compatible metric. The advantage of this result is that it holds in very general classes. But the disadvantage is that we do not know where these examples locate and examples in this family might be far apart. In this paper, we derive a local condition on Kähler manifolds which ensures the existence of one family of Hamiltonian stationary Lagrangian tori near a point with given frame satisfying the criterion. Butscher and Corvino posted a condition in n = 2 in [2] . But our condition appears to be different from theirs. The condition derived in this paper not only works for any dimension, but also for the Clifford torus case which is not covered by their condition.
Introduction
Hamiltonian stationary (or H-minimal ) Lagrangians were defined and studied by Oh [9, 10] in a Kähler manifold (M, g). These objects have stationary volume amongst Hamiltonian equivalent Lagrangians. The Euler-Lagrange equation for a Hamiltonian stationary Lagrangian L is d * α H = 0, where H is the mean curvature vector on L, α H the 1-form on L defined by α H (·) = ω(H, ·), and d can be considered as their generalizations. Hamiltonian stationary Lagrangians are related models for incompressible elasticity theory and are closely related to the study of special Lagrangians/ Lagrangian and minimal submanifolds. Although there are no compact special Lagrangians in C n , there are compact Hamiltonian stationary Lagrangians in C n . Oh proves in [10, Th. IV] that for a 1 , . . . , a n > 0, the torus T n a1,...,an in C n given by T n a1,...,an = (z 1 , . . . , z n ) ∈ C n : |z j | = a j , j = 1, . . . , n
is a stable, rigid, Hamiltonian stationary Lagrangian in C n . A Hamiltonian stationary Lagrangian is called stable (or H-stable) if the second variational formula of the volume functional among Hamiltonian deformations is nonnegative. A Hamiltonian stationary Lagrangian in C n is called rigid (or H-rigid ) if the Jacobi vector fields for Hamiltonian variations consist only those from the U(n) ⋉ C n actions on C n (see [6, §2.3] ). Other compact stable, rigid, Hamiltonian stationary Lagrangians in C n are given in [1] . Hélein and Romon found all Hamiltomian stationary Lagrangian tori in C 2 and CP 2 via a Weierstrass-type representation [3, 4] . But there are very few results on the existence of Hamiltonian stationary Lagrangians in general Kähler manifolds. In [6] , Joyce, Schoen and the author obtain families of compact Hamiltonian stationary Lagrangians in every compact symplectic manifold (M, ω) with a compatible metric g. It in particular contains the case of Kähler manifolds. The result is:
Theorem [6] Suppose that (M, ω) is a compact symplectic 2n-manifold, g is a Riemannian metric on M compatible with ω, and L is a compact, Hamiltonian rigid, Hamiltonian stationary Lagrangian in C n . Then there exist compact, Hamiltonian stationary Lagrangians L ′ in M which are diffeomorphic to L, such that L ′ is contained in a small ball about some point p ∈ M, and identifying M near p with C n near 0 in Darboux geodesic normal coordinates, L ′ is a small deformation of tL for small t > 0. If L is also Hamiltonian stable, we can take L ′ to be Hamiltonian stable.
The method used in [6] is first to find Darboux coordinates at each point which also admit a nice expression on the metric, and then put a scaled compact Hamiltonian stationary Lagrangian from C n in the Darboux coordinates at each point. These submanifolds are Lagrangian in (M, ω, g), but not Hamiltonian stationary yet. One then tries to perturb these approximate examples in Hamiltonian equivalence class to Hamiltonian stationary. This involves solving a highly nonlinear equation whose linearized equation has approximate kernels, and thus it cannot be done in general. In [6] , we first solve the equation perpendicular to the approximate kernels for examples near any fixed point and then show that the problem of finding Hamiltonian stationary Lagrangians, which are critical points of the volume functional on an infinite dimensional space, can be reduced to finding critical points of a smooth function on a finite dimensional compact space when the model from C n is in addition Hamiltonian rigid and M is compact. The existence will follow from the simple fact that every continuous function has critical points on a compact set.
The advantage of the above argument is that it only requires compactness and works in very general classes. But the disadvantage is that we do not know where the Hamiltonian stationary Lagrangian locates in (M, ω, g). As a consequence, the examples obtained at each scaled size t may be far apart for different t. In this paper, we take a different approach in the second step and resolve this deficit when M is a Kähler manifold and L = T n a1,..., an . More precisely, we show that Theorem 4.4 Suppose that (M, ω, g) is an n-dimensional Kähler manifold, and write U for the U(n) frame bundle of M . The subgroup of diagonal matrices T n ⊂ U(n) acts on U . For any given a i > 0, i = 1, . . . , n, define F a1,...,an :
, where p ∈ M, υ ∈ U(n), and the holomorphic sectional curvature R iīiī (p) is computed w.r.t. the unitary frame υ at p whose value is clearly independent of the representative
n is a non-degenerate critical point of F a1,...,an , then for t small there exist a smooth family
) and a smooth family of embedded Hamiltomian stationary Lagrangian tori with radii (ta 1 , . . . , ta n ) center at p(t) which are invariant under T n action and posited w.r.t any representative of [υ(t)]. Moreover, the distance between
n is bounded by ct 2 . The family of embedded Hamiltomian stationary Lagrangian tori do not intersect each other when t is small.
The proof of the theorem is along the same line as in [6] with the following differences:
• On a Kähler manifold, we obtain Darboux coordinates with better expressions on the metric. And when L = T n a1,..., an , we can compute the leading terms in related estimates in explicit forms.
• In the last step, instead of using compactness to show the existence, we analyze directly the conditions we need to perturb approximate examples to Hamiltonian stationary. This is done by deriving explicit expressions up to some orders in all related estimates. Because we do not use compactness condition, the result also hold for noncompact Kähler manifolds.
Our result is an analogue to the constant mean curvature (CMC) hypersurface case in a Riemannian manifold M . Ye in [12] showed that near a nondegenerate critical point p of the scalar curvature function on M , there exist CMC sphere foliation near p . The problem of finding a corresponding condition for Hamiltomian stationary Lagrangian tori on a Kähler manifold is proposed by Schoen, and is the starting point of our project in this direction including [6] . Butscher and Corvino proposed a different condition in [2] for n = 2, which is the non-degenerate critical point of the function G a1,a2 (p, υ) = a Note that G a1,a2 will be a multiple of the scalar curvature when a 1 = a 2 . It is independent of the frame, and thus there won't be any non-degenerate critical point of G a1,a2 in this case. In contrast to that, our condition not only works for any dimension, but also cover the Clifford torus (i.e., with same radii) case. Because the dimension does not match, the family of Hamiltomian stationary Lagrangian tori with radii (ta 1 , . . . , ta n ) won't form a foliation. This paper is organized as follows. In §2 we give basic definitions and derive new Darboux coordinates which will play an essential role in the paper. Some important and involving estimates are given in §3. Section 4 consist of the set up for the perturbation and the proof of the main theorem. A different proof which is more close to our approach in [6] is presented in the last section. This more geometrical simple proof also give another justification for the computation in §3. The first proof has its own interests which demonstrate the general scheme of the perturbation method. So we present both proofs in the paper.
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Notation and Darboux coordinates 2.1 Lagrangian and Hamiltonian stationary
We will assume (M, ω, g) to be Kähler through this paper, and refer to §2 in [6] for more detailed discussions on the background material.
It follows that the image of the tangent bundle T L under the complex structure J is equal to the normal bundle T ⊥ L.
Let F : M → R be a smooth function on M . The Hamiltonian vector field v F of F is the unique vector field satisfying v F ·ω = dF . The Lie derivative satisfies 
where H is the mean curvature vector of L, and α H = (H ·ω)| L is the associated 1-form of H on L, and d * is the Hodge dual of the exterior derivative d on L, computed using the metric h = g| L .
When (M, ω, g) is a Calabi-Yau manifold, one can choose a holomorphic (n, 0)-form Ω on M with ∇Ω = 0, normalized so that
On a Hamiltonian stationary Lagrangian, the Lagrangian angle θ is harmonic. If moreover, the image of θ lies in R (and here L is compact), then the Hamiltonian stationary Lagrangian L is indeed special Lagrangian since every harmonic function on a compact manifold must be constant.
At a Hamiltonian stationary Lagrangian L, one can compute to find that
where f = F | L and
In (5), ∆f = d * df is the positive Laplacian on L, B(·, ·) is the second fundamental form on L, and Ric
, w for any normal vector w. Note also that by the Lagrangian condition JH is tangent to L.
Given a smooth function f on a Lagrangian L, we can extend it to a smooth function F on M and consider L s = Exp(sv F )L whose mean curvature vector is denoted by H s . One can derive the linearized operator of −d
Here L does not need to be Hamiltonian stationary. Oh proves in [10, Th. IV] that the torus T n a1,..., an in C n given by (1) is Hamiltonian stationary with (4) nonnegative definite (Hamiltonian stable), and Ker L at T n a1,..., an consist of functions of the following form
.., an , where a ∈ R, b j , c jk ∈ C, and c jk =c kj (Hamiltonian rigid, see [6] ). If we write T n a1,..., an in polar coordinates
then Ker L is spanned by
for i, j = 1, . . . , n and i = j [10].
New Darboux coordinates
The convention for curvature operator used in this paper is
and
We use the same notion for complex curvature operator and denote
The basic definitions and properties for curvature of Kähler metrics can be found in [11] . Denote C n with complex coordinates (z 1 , . . . , z n ), where z j = x j + √ −1y j . Define the standard Euclidean metric g 0 , Kähler form ω 0 , and complex structure
noting that dz j = dx j + √ −1dy j and
Darboux's Theorem says that we can find local coordinates near any point on a symplectic manifold such that the symplectic structure is like ω 0 in C n in these coordinates, which will be called Darboux coordinates. Because we need a good control on the metric as well, we will redo the argument to find better Darboux coordinates. We first start with holomorphic normal coordinates at points in a Kähler manifold, and proceed as in [6, Prop. 3 .2] to convert them into Darboux coordinates. To meet our need, we will not only derive the leading coefficients of the metric in this new Darboux coordinates, but also the coefficients of the next order. More precisely, we have Proposition 2.3. Let (M, ω, g) be a compact n-dimensional Kähler manifold with associate Kähler form ω and let U be the U(n) frame bundle of M . Then for small ǫ > 0 we can choose a family of embeddings Υ p,υ : B ǫ → M depending smoothly on (p, υ) ∈ U, where B ǫ is the ball of radius ǫ about 0 in C n , such that for all (p, υ) ∈ U we have:
Proof. Given (p, υ) ∈ U, we can find holomorphic coordinates that is an embedding Υ ′ p,υ : B ǫ ′ → M satisfying (i),(ii), and
The pull back Kähler form has similar corresponding expression, and Υ ′ p,υ is smooth in p, υ. As in the proof of [6, Prop. 3 .2], we can use Moser's method [8] for proving Darboux' Theorem to modify the maps Υ
, which can be taken as
We use the convention that repeated indices stand for a summation whenever there is no confusion. In the following we compute the first term of dζ p,υ as an example to demonstrate the argument,
In the second equality we use R ijkl (p) = R kjil (p) = R ilkj (p) which is implied by the Kähler condition, and the last equality follows by changing the indices. The other terms can be computed similarly, noting that there are twoz with dz i and three z with dz j which make the coefficient from 
For 0 < ǫ ǫ ′ we construct a family of embeddings ϕ
Define
The different coefficients 
Approximate examples with estimates
For 0 < t R −1 ǫ, consider the dilation map t : B R → B ǫ mapping t : (z 1 , . . . , z n ) → (tz 1 , . . . , tz n ). Then Υ p,υ • t is an embedding B R → M , so we can consider the pullbacks (Υ p,υ • t) * (ω) and (
It depends smoothly on t ∈ (0, R −1 ǫ] and (p, υ) ∈ U , and satisfies
Since
is compatible with the fixed symplectic form ω 0 on B R for all t, p, υ. Moreover, there are uniform estimates on these metrics, which are summarized in the following proposition.
Proposition 3.1. There exist positive constants C 0 , C 1 , C 2 , . . . such that for all t ∈ (0,
where norms are taken w.r.t. g 0 , and ∂ is the Levi-Civita connection of g 0 .
Proof. This is the same as [6, Prop. 3.4] . But since we have a better estimate on the metric from Proposition 2.3, we can increase the order on t by 1.
We can assume 
where 
The restriction of g
where |z| has been assumed to be 1 on T n a1,..., an . For simplicity, we omit the restriction of A ij and C ij on T n a1,..., an in (15), and will denote g t p,υ by g t and h t p,υ by h t when there is no confusion. A direct computation yields
Now we are ready to compute the associate d * α t of the initial Lagrangian T n a1,..., an ⊂ (B 2 , ω 0 , g t p,υ ), and estimate how far it is from being Hamiltonian stationary.
Lemma 3.2. Denote the mean curvature vector on T n a1,..., an with respect to g t by H t and let
where A ij and C ij are as defined in (14)
Proof. Because ω 0 = r k dr k ∧ dθ k and T n a1,..., an is Lagrangian, it follows that α
ab is the Christoffel symbol for the metric g t .
A direct computation gives
Further computation shows that the t 2 and t 3 terms of α k t are
Recall that
From (18), we have
(20)
Combining (19) and (20), we get
We now compute the orthogonal projection of d * α t to Ker L. Recall that Ker L of T n a1,..., an in C n is spanned by 1, cos θ i , sin θ i , cos(θ i − θ j ), sin(θ i − θ j ) for i, j = 1, . . . , n and i = j. From (14), it follows that in the leading terms only A ij can project to cos(θ i − θ j ) and sin(θ i − θ j ), while only C ij can project to cos θ i and sin θ i . The result is summarized in the following lemma.
Proof. From the expression of A ij in (14) and Ker L, we have
, and for i = j,
Therefore,
Similar computation gives
Combining (22), (23), and (24), we obtain that the t 2 coefficient of d
We also have
−1θj , and
for i = j. Further computation gives
We use Im R iīiī,ī (p)e
in the last equality. For the other terms, we similarly have
Putting (26), (27) and (28) together, we conclude that the
Thus (25) and (29) yield (21).
Perturbation
We will formulate a family of fourth-order nonlinear elliptic partial differential operators
p,υ is Hamiltonian stationary when P t p,υ (f ) = 0. We first set up the problem and introduce some related properties. Let L be a real n-manifold. Then its cotangent bundle T * L has a canonical symplectic formω, defined as follows. Let (x 1 , . . . , x n ) be local coordinates on L. Extend them to local coordinates (x 1 , . . . , x n , y 1 , . . . , y n ) on T * L such that (x 1 , . . . , y n ) represents the 1-form
The following theorem shows that any compact Lagrangian submanifold L in a symplectic manifold looks locally like the zero section in T * L.
Lagrangian Neighbourhood Theorem [7, Th. 3 .33] Let (M, ω) be a symplectic manifold and L ⊂ M a compact Lagrangian submanifold. Then there exists an open tubular neighbourhood T of the zero section L in T * L, and an embedding Φ : T → M with Φ| L = id : L → L and Φ * (ω) =ω, whereω is the canonical symplectic structure on T * L.
We shall call T, Φ a Lagrangian neighbourhood of L. Such neighbourhoods are useful for parametrizing nearby Lagrangian submanifolds of M . Suppose thatL is a Lagrangian submanifold of M which is C 1 -close to L. ThenL lies in Φ(T ), and is the image Φ(Γ α ) of the graph Γ α of a unique C 1 -small 1-form α on L. AsL is Lagrangian and Φ * (ω) =ω we see thatω| Γα ≡ 0. But
, where π : Γ α → L is the natural projection. Hence dα = 0, and α is a closed 1-form. This establishes a 1-1 correspondence between C 1 -small closed 1-forms on L and Lagrangian submanifoldsL close to L in M .
Making T smaller if necessary, we can suppose T is of the form
for some small δ > 0, where |α| is computed using the metric g 0 | L . Now take
.., an ) with df C 0 < δ. Define the graph Γ df of df to be Γ df = (q, df | q ) : q ∈ T n a1,..., an . Then Γ df is an embedded Lagrangian submanifold in (T,ω). Since Φ * (ω 0 ) =ω, we see that Φ(Γ df ) is Lagrangian in (B 2 , ω 0 ). Let 0 < t 
to be the Euler-Lagrangian operator of
where ∇ is the Levi-Civita connection of the induced metric h 0 of g 0 on T n a1,..., an . Assume that −d
* α H f is computed w.r.t g t p,υ at Φ(Γ df ), then
Here we identify the function d * α H f on Φ(Γ df ) with its pull back on T 
That is, by taking t small we can suppose P 
where
,υ is the unique solution of (35) with f t p,υ C 4,γ small, and f t p,υ depends smoothly on (p, υ) ∈ U .
Because T n a1,..., an is T n invariant, it induces a T n action on the cotangent bundle of T n a1,..., an , and T is T n -invariant. Moreover, we can choose Φ to be equivariant under the actions of T n on T and C n following the proof of the dilation-equivariant Lagrangian Neighbourhood Theorem in [5, Th. 4.3] . Furthermore, the functions f Theorem 4.4. Suppose that (M, ω, g) is an n-dimensional Kähler manifold, and write U for the U(n) frame bundle of M . The subgroup of diagonal matrices T n ⊂ U(n) acts on U . For any given a i > 0, i = 1, . . . , n, define F a1,...,an :
n is a non-degenerate critical point of F a1,...,an , then for t small there exist a smooth family 
from (15) and Lemma 3.2. Thus P The constant c may need to be modified at different places, but we still use the same symbol. It follows from the Appendix that
where P is the orthogonal projection from L 2 (T n a1,..., an ) w.r.t. g 0 to Ker L. We remark that from the definition of P Now we need to find (p(t), υ(t)) ∈ U such that the coefficients of cos θ i , sin θ i , cos(θ i −θ j ), and sin(θ i −θ j ) for P 
n . But they determine the same Hamiltonian stationary Lagrangian torus since f n is a critical point of F a1,...,an . We can also consider F a1,...,an as a function on U , and (p 0 , υ 0 ) ∈ U is its critical point. One then has i a 2 i R iīiī,j (p 0 ) = 0 for any j by applying variations which vary p in M . It follows that the t 3 terms of H t (p, υ) = P t p,υ (f t p,υ ) vanish at (p 0 , υ 0 ) by Lemma 3.3 and (36). Suppose a ij ∈ u(n), i < j, satisfy a ij e i = e j , a ij e j = −e i , and a ij e k = 0 for k = i, j, and b ij ∈ u(n), i < j, satisfy b ij e i = − √ −1e j , b ij e j = − √ −1e i , and b ij e k = 0 for k = i, j.
Applying a variation along a ij ∈ u(n) at (p 0 , υ 0 ), it yields 0 = 2a
where we have used R ijiī = R jīiī . Similarly, applying a variation along b ij ∈ u(n) at (p 0 , υ 0 ), it yields 0 = −2a 
From Lemma 3.3 and (36), the equalities (37) and (38) 
